ABSTRACT. The magnetohydrodynamic (MHD) ballooning stability of the TJ-I1 heliac standard configuration is examined using a criterion derived for three dimensional (3-D) general configurations. 
INTRODUCTION
Pressure driven instabilities are a key feature in stellarator stability, since no net toroidal current flows in the plasma, avoiding the appearance of current driven instabilities. For this reason, optimization of the magnetic design against interchange and ballooning modes is essential. Ideal ballooning modes are considered as those instabilities that set the maximum attainable (p) in tokamaks [l] . On the other hand, resistive ballooning modes have been related to the deterioration of confinement at relatively modest values of (p), also in tokamaks [2] . Both should also be important in stellarators, and, more specifically, in heliacs, which are considered to be high-@) devices.
The flexibility of TJ-I1 [3], a flexible heliac about to enter into operation at CIEMAT, allows its configuration to be varied in a wide configurational space with the capability of independently changing its magnetic well depth and t profile. These features make TJ-I1 the ideal framework for optimization st,udies in order to achieve high-@) operation. In previous papers, good stability properties against ideal Mercier [4] and local modes [5] have already been shown. Preliminary studies of local resistive modes in TJ-I1 have also recently been reported in Refs [6] and [7] .
In this paper we carry out a ballooning stability analysis of the new standard configuration, which has been recently optimized in order to reduce magnetic field ripple and improve particle confinement. It is the first step of an exhaustive analysis of the full TJ-I1 operational space in order to identify the most favourable configurations feasible for TJ-I1 operation. The effects of the inclusion of resistivity and compressibility on ballooning stability are analysed using a ballooning stability criterion derived from the equaxions of resistive MHD for three dimensional (3-D) configurations [8] . The criterion assumes only a small resistivity, avoiding the usual restrictions, such as incompressibility or low (p). The pressure convection limit is obtained if the pressure is assumed to evolve merely by convection. In the ideal limit, compressibility is shown to have a stabilizing but weak effect above marginal stability, confirming that the pressure convection limit accurately describes ideal ballooning stability. An ideal critical (p) of approximately 1.3% is obtained.
Resistive ballooning stability is first examined using the pressure convection limit. Purely growing unstable modes are predicted with growth rates scaling as y N m2/3q1/3 for high-(@) high-q equilibria and as y N m2q for low-(p) low-q equilibria. In the parameter range relevant to this configuration, the first regime is never reached for ideally stable equilibria, whilst the second regime will be strongly modified when the effect of sound waves propagating along the field lines and compressing the field across them are taken into account. When the full criterion is solved, unstable resistive ballooning modes with ~T A N are found for (p) values down to 90% of the ideal critical (p). The growth rate rapidly falls if the pressure gradient is further decreased owing to the stabilizing effect of compressibility for ~T A << 1.
The 3-D ballooning criterion and both its ideal and its pressure convection limits will be discussed in Section 2. The numerical equilibria used in this study will be briefly described in Section 3. Ideal ballooning stability for TJ-I1 in the new standard configuration will be numerically studied in Section 4 whilst resistive ballooning modes will be treated in Section 5.
Finally, some conclusions will be drawn in Section 6.
BALLOONING STABILITY CRITERION
The 3-D ballooning mode equations [8] are rederived using straight line magnetic Boozer coordinates (s,O,C) [9] , and then rewritten using (s, a , E ) , with a = f3 -LE, as co-ordinates. The label s fixes the magnetic surface, a the magnetic line and E denotes the distance along the magnetic line from an arbitrary initial angle ti. After applying the balloon-
the resulting along the line normalized boundary valued eigenvalue system of ordinary linear equations in the unbounded y domain is 
where the coefficients a l , a2 and a3 are positive periodic functions of the equilibrium quantities given in the Appendix, K~ is the secular normal curvature, k L the mode perpendicular wave vector, j ? j the equilibrium pressure, m, the poloidal wavenumber, S = T R / T A the magnetic Reynolds number, y the growth rate normalized tor-', TR = poa2/q the resistive time, TA = d d the Alfvkn time and I'H the specific heats ratio. Both K , and k l depend on yo, the parameter that is related to the mode radial wave vector [ll] and that enters the equations as an arbitrary initial point of integration (Appendix). Integration is always assumed to begin at the 0 = 0 poloidal section and 6 = 0, since that is where curvature is most unfavourable and therefore where most unstable modes are found (Fig. 1) . Boundary conditions are chosen to achieve F, D E L2[-ca, $031, so that the ballooning transformation exists. The physical meanings of F and D are explained in Ref. [8] . The only assumption needed to derive the criterion is that of small resistivity, avoiding typical restrictions such as small inverse aspect ratio or small ,B. The criterion is applied in the following way: if a complex y, with Re(y) > 0, can be found such that on some surface and for some yo value, a pair of functions F, D satisfying the boundary conditions exists, the system is unstable against ballooning modes. 
The first term is the stabilizing line bending contribution, the second one is the inertia and the third one describes the secular interaction between the pressure gradient and the normal curvature, which drives the instability if the pressure gradient is too large. Since Eq. (4) can be rewritten as a Sturm-Liouville problem for eigenvalue X = -y 2 , solutions with increasing numbers of zeros exist for increasing real eigenvalues Xo < XI, ..... Therefore, the most unstable solution has no zeros. The inclusion of parallel sound waves (I'H # 0) has a small but stabilizing effect on ideal ballooning modes.
Resistive equations
If we include finite resistivity effects, the pressure convection limit of the ballooning criterion is But as the pressure gradient is diminished, y becomes smaller, and all terms except the second on the right hand side of Eq. (3) can be eventually neglected [13] . In this limit, Eq. (3) leads to F+D E 0, which cancels out at first order the ballooning instability driving term in Eq. (2). The pressure convection limit is no longer valid and the full system must then be solved.
The numerical equilibria used throughout this work have been obtained using fixed [14] and free [15] boundary versions of the VMEC equilibrium code. This code assumes the existence of a family of nested magnetic surfaces around a central magnetic axis, which is guaranteed since the t profile of the TJ-I1 standard configuration keeps low order rationals outside the plasma volume.
In fixed boundary calculations, the outer boundary is chosen to verify V" N 0 in order to provide stabilization through the buildup of a magnetic well across the whole plasma radius, maximizing, at the same time, the attainable plasma volume V . Primes The number of points of the angular mesh is increased until convergence of the results is ensured. Numerical problems due to the high number of radial grid points are not encountered, since the indentation of the standard configuration is not sufficiently high. In the calculation of more indented equilibria, magnetic surfaces can intersect owing to numerical inaccuracies in the interpolation algorithm that computes the nested flux surfaces, ruining the co-ordinate system description.
Although the toroidal shift is higher than the helical shift, as is usual in low aspect ratio heliacs, the high rotational transform of the configuration prevents this shift from imposing a practical limit on the equilibrium (p) limit. If (p) exceeds 1.5%) the free boundary option of the code must be used to accurately describe both the Shafranov shift and the deformation in shape of the magnetic surfaces. Fewer modes are then used (9 poloidal and 25 toroidal) The pressure profile has been chosen linear in the magnetic label s. VMEC uses the toroidal magnetic flux as the magnetic label and therefore the pressure profile is parabolic with respect to average radius. The net toroidal current has been set to zero in all cases.
IDEAL BALLOONING IN TJ-I1
Since a Boozer representation has been used to derive the equations, the numerical equilibria must be transformed to these straight line magnetic coordinates [16] . An inverse co-ordinate representation similar to that of the VMEC code is used, where ( R , 2, 4) are the usual cylindrical co-ordinates.
Similar series are used to describe the magnetic field and the Jacobian of the transformation. The label s is chosen as the toroidal flux normalized to its value at the boundary. Up to approximately 2500 Fourier modes are needed in order to correctly reconstruct all VMEC equilibrium features. We numerically solve Eq. (4) using a variable step integration scheme coupled to a complex zero searcher. Vanishing boundary conditions at both edges of the integration interval are used for arbitrary yo. Both the interval of integration and the number of grid points are increased until convergence of the eigenvalue is obtained.
Determination of most unstable yo
Usually yo = 0 is the most unstable case [17] and this is certainly the situation in TJ-11. From higher order analysis, yo is determined from the conditions ay/dyo = 0 and a2y/ayE < 0 (i.e. it must be a maximum of ?(yo)) [lo] . These conditions are fulfilled at yo = 0, as can be seen in Fig. 2 , which shows y(y0) for one of the outer surfaces of a VMEC free boundary equilibrium with (p) = 2.0%.
Standard configuration ( p ) limit
Taking into account the result of the previous section, we will set yo = 0 in all calculations. This allows us to make use of the symmetry of the configuration along any magnetic line, which is invariant under the transformation y ---f -y when centred at a semiperiod (i.e. ti = k r / M , IC = 0,1,2, ..., M = 4 for TJ-11).
We can then look for solutions with a given parity. Since solutions with no zeros are the most unstable (Section 2.1), we solve Eq. (4) looking for non-zero even solutions on [0, +CO), imposing vanishing first derivative at the origin and vanishing solution at the other edge of the interval. Solving Eq. (4) for the standard TJ-I1 configuration described in Section 3 we obtain that the most unstable modes accumulate at the outer surfaces. For a series of fixed boundary VMEC equilibria with pressure profiles linear on the magnetic flux, we have obtained stability up to (p) N 1.3% (Fig. 3) . The same result would be obtained solving Eqs (2) and (3) in the limit 7 -+ 0 , y -+ 0, without assuming any condition on the pressure, since D = 0 is then the only acceptable solution. Nonetheless, ballooning instabilities set a limit not directly on (p) but on its gradient, which in principle allows for higher values of stably confined (p) using optimized pressure profiles.
Access to a second stability region seems to be found for higher-(P) equilibria, as is also shown in Fig. 3, where results for an equilibrium with (p) N 2.5% are plotted. In Section 4.3, we will explain how this fictitious stabilization shows up due to the effect of the last fixed boundary on the inner magnetic surfaces. The obtained ballooning stability limit is very close to that calculated using the ideal Mercier criterion against ideal interchange modes for the same configuration [7] . In Fig. 4 (Fig. 3) .
Calculations with free boundary equilibria confirm this point, and instability is obtained where fixedboundary equilibria predict stability (Fig. 9). 
Role of compressibility
We have also examined the influence of compressibility on ideal ballooning modes using an ideally unstable free boundary equilibria with (p) N 2.0%.
The full ideal equations must be solved since D is no longer zero. Both eigenfunctions are normalized so that F = 1 at y = 0. The function F is hardly modified by the effect of compressibility, as shown in Fig. 10 , where it is compared with the solution obtained from the pressure convection limit. D is not plotted since it is almost null. The onset of the stabilizing effect of compressibility is signalled by the increase in magnitude of D . As the specific heat ratio increases, the magnitude of D also increases, especially near the bad curvature region, and the mode becomes less unstable. In Fig. 11 , the relative decrease of the growth rate is plotted versus l?H. For realistic values of the specific heat ratio, this stabilizing effect is not sufficiently large to essentially change the results from the ideal pressure convection limit, which gives very accurate results whilst saving a considerable amount of computer time.
RESISTIVE BALLOONING IN TJ-I1
Resistive ballooning modes can be important in the low temperature region at the edge of the plasma, be used to account for its radial variation, but the criterion depends only on the value of m 2 / S on the magnetic surface, allowing us to vary it as a parameter. No unstable resistive interchanges are expected, since Di N DR for this configuration [7] . Therefore, the resistive Mercier criterion for stability, DR > 0 [8, 19, 201 , is satisfied whenever the ideal criterion applies. shown to have an important stabilizing effect [17] .
Since the ideal critical (p) of the TJ-I1 standard configuration is approximately 1.3%) the validity of the pressure convection limit is then to be doubted. In order to validate this limit, we have solved the y N rn2/3r]1/3 regime could be reached for ideally stable equilibria. The criterion is regretfully no longer useful because of the high radial localization of these modes, and a description including kinetic considerations would be unavoidable.
f i l l resistive equations
When the full system is solved, the two regimes described in the previous section are re-encountered: (2) at that order. The mode must now extend very far along the magnetic line to be destabilized, where the neglected terms related to sound wave excitation become important. Under a certain pressure gradient value (which leads when integrated to a new critical (p), (,B)c), the mode becomes so extended that this contribution is sufficient to stabilize it. Therefore, the y N m2r] modes predicted in the pressure convection model are no longer present.
As stated in Section 5.1, the high-@) high-r] regime is never fully reached for (p) below the ideal critical value in the TJ-I1 standard configuration. We have plotted in Fig. 13 the growth rates obtained from the pressure convection limit and the full equations (Fig. 14) . We have set m 2 / S = and the calculation has been carried out at normalized radius p / a 21 0.9. For the equilibrium close to marginal stability, the magnitude of D is much smaller than that of F , but not negligible, implying that equilibria with higher (p) (possibly (p) N 2%) are required to fully enter this regime in this particular TJ-I1 configuration. In the other case, the calculated eigenfunctions verify that F + D N 0 for most of the integration domain, signalling that the mode is close to stabilization. Both are almost constant near y = 0 in order to minimize the line bending term contribution and must extend to very large y to allow the mode to destabilize.
Effect of resistivity on critical (p)
The inclusion of resistivity can lower the ideal critical (p) value, since it allows the slippage of the plasma among the magnetic lines, reducing the stabilizing line bending contribution. This reduction is almost negligible as shown in Fig. 16 
CONCLUSIONS
As a first step in the optimization of TJ-I1 heliac configurations against both ideal and resistive ballooning instabilities, we have examined the ballooning stability of its new standard configuration. It has been shown to be ideally stable for (p) 5 1.3%, which is similar to the critical (p) obtained from the Mercier criterion for ideal interchange modes. As the pressure profiles used in this study are all linear in magnetic flux, the pressure gradient is constant on all surfaces. Outer magnetic surfaces have been shown to be the most unstable. Since ballooning modes set a limit on the pressure gradient and not on the pressure itself, optimized profiles with non-constant gradient could be used to push this limit to a higher value. This type of study has been recently done for the H-1 heliac [21] , showing that slightly more peaked profiles should be chosen [22] .
We have also pointed out that the fixed boundary equilibria used are not reliable for high-@) stability calculations. As (p) is increased, the plasma pushes the outer magnetic surfaces against the vacuum fixed boundary, artificially increasing magnetic pressure at the edge. These surfaces seem to stabilize, entering into the second stabilization region, at (p) values much smaller than expected. Recalculation using free-boundary equilibria show that these but to confinement, producing a weak contribution to enhanced particle and heat transport. Several possible configurations of the rich operational space of TJ-I1 are being studied at the moment, including both high-t and deep magnetic well configurations. Since TJ-I1 has a great capability of independently varying these magnitudes, optimization of these profiles, together with optimized pressure profiles, could lead to increased critical (p) or even direct access to the second stability region. In such high-(@) regimes, unstable resistive ballooning modes scaling as 7 N m2/3171/3 would certainly appear, contributing to particle and heat turbulent transport via different non-linear saturation schemes [23] .
Another important point is the possible stabilizing influence coming from finite Larmor radius effects. We have found that the pressure convection limit predicts high-m ( m >> lo3) unstable resistive modes that are highly radially localized. Besides, the criterion does not distinguish between ideal ballooning modes with different m,. The inclusion of kinetic effects in Eq. (4) would shed some light on these topics. It is also important to notice that, for all purely resistive modes, the growth rates found satisfy w* N y at the edge of TJ-11. Diamagnetic effects could therefore provide another stabilizing mechanism. A study of all these kinetic effects is under way and will be the subject of a future publication.
